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ABSTRACT
N P it

, This-Report-presents gset of Equatxens which may

be used to describe the re-efftry trajectory of a coasting
tumbling rocket. The Equations of motion are kept as gen-
eral as possible, with the ¢ ptions that the azimuth co-
ordinate is linearized, an( ; and’ Magnus forces are
neglected. o -

I.  COORDINATE SYSTEMS

Tixed at the center of the earth is the corigin of an X¥Y7 coordinate system (Fig. 1). The
Y axis panses through the point at which the initial conditions are estallished, the XY plane

~ontaine the target, avd the Z axis completes a right-hand coordinate systen.

L

Fig. 1. Space Coordinnte System
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The rocket venter of mass is locatad by the cylindrical coordinates r, y, =3 ris the
distonce from lhctorigin to the projection cf the rocket center of mass on the XY plane, y is the
| angle between Y and r. and z is identical to Z. There are two sets of space axes located with
their origins at the cocker ceniur of inagn. Vv wii L wais L n ~o orierced that o aues
‘ are parallel, respectively, to the XYZ axes. The xyz coordinate systes is sc oricnted that i
xy plane is parallel to the XY piane, and y is parallel to r. Also located with its crigin at the
rocket center of mass is a set of &7 {body axes (Fig. 2). The twoll uxis is £, the vaw axic is 7,

and the pitch axis is .

Fig. 2. Body Coordinate System

The orientation of the body with teapect to the Ay coordinate system is described by
the Eoler angles ¢, 0, i, in the following manner (Fig. 3)}. Starting with £7 £ axes respectively
coincident with the Apv axes, the £n {set is rotated counterclockwise by an angle ¢ about the
{ axis. The second rotation is counterclockwise by an angle 6 about the £ axis; whereas, the

third rotation is counterclockwise by an angle ¥ about the { axis. Also, it should be noted that

ll’-'igv.n'e 4-6 from Classical Mechanics by Herbert Goldstein, Copyright 1950 by Addison-Weaicy Publishing
Company, Ine., Reading, Mass. U.5.A. Permission to use this figure in this report only granted by the
copytight owner, Addison-Wesley Publishing Comparny, loa.

i3
t 7
| Nt
v> '-,‘ i R
} !
o\
/ ;
: \\ "/ I
t

Gl
3




-

Ry
ciaeh

v;}s;,;;tmie.;..’,;& IR

Sl RS

Sk

Mo e

Jat Propulsion Laboratory Progress Report No. 20-339

the Auv coordinate system is obtained by rotating the xyz coordinate system counterclockwise by

the angle y about the z axis.
The matrix 4 (y ¢, €, ¢) is used to transform vectors from xyz coordinates to Apv

sgnimaiue: wateses, its inverse 470 (y, &, 8, ¢) is used 1o perform the inverse transformation

These matrices are:

cosy cos{@ +¥) —cosb sin(d +7¥) siny  ~osy sinled +%) +cos9 cos(d +7) siny siny sinf
A = 1-siny cos(d +¥) =cosb sin(p +v) cosy ~siny sin(d +¥) +cosb cos(® +7) cosy cosy sind
cosd

8ind sin(¢ +v¥) ~-sin6 cos(¢ +7¥)

~siny cos(® +¥) -cosf sin(¢ +7) coey  sind min(¢ +¥)

coay cos($ +¥) -—cosd sinl(d +7%) siny

-sinY sin(¢ +¥) +cosb cos(d +¥) cosy -sinf cos(d +7)

A7l = cosy sinl® +7) +cesé ros(¢ +¥) siny

cosy sin8 conl

siny sinf

Dest Available Cepy 3
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Il.  TRAJECTORY MOTION

If motion in the z direction is small, the E¢, «~tions describing the traiectory of the rocket

center of mass can be written in the cyiindrical coordiaates as

-
7y v,
d: r
dr
—= v, H
dt
d=
—— T v
ot
J
dv p A
e D 7z Yy
—_— e — -
dt m r
dv 2 2
L’, L v, l'o
e - g — > @
dt m r r
dv, S
dt m
/
where
v, = component of velocity vector along x axis
!‘) = component of velocitv vector aiong y axis
v, = component of velocity vector along z axis
1 - component of nerodynamic force vector along v uvis
{. = component of aerodynemic furce alone v axis
5 = eompoarrt of aeredyazmic fores wiong z axis

MY
M
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3
i

coasting mass of the re-entry body

go = Bea-level acceleration of gravity

sea-level radius of the earth

To

Hl.  ANGULAR MOTION

Euler’s Equations are used to describe the angular motion of the body about its center of

maes
l‘f “-“'mn wr (1.,7 —l,;) =M“
: d: ¢
do,,
' - 3
ly —=wpeg Ug~1g =i, >
at
dﬁ){
-’(- ———- W @ (I - !,.)-" L‘[
> dt > n { ! > J
where

¢y = principal monent of inertia aboul the ith axin

[3

y

[ER P Y] "VJ")P"'""O

i angelse valoolly vector a!

ong the ith axia

& - mamont along the b axia
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pmtn o~

In order to obtain the Equetions of motion iu terms of Euler angles, naw compen

the zngular velocity vector are defived.

do
e = w¢
d:
— = wy ( (4
dt
1
dy
- = w‘
W
B { B

In the body sy stem of conrdinetes, wy has the components

(wylg = wg sinl sing  (wyl, = o4 sind cosp  (wy)y = wy cond
wyhas t' e components

("’a);’ = wg cory (wg)y = = wg siny ("’H)( =0

and w has the components

foglg = 0 loy) g = 0 (wyly = wy

Adding these components, the components of the angular velocity vector in body coordinates are

ae follows:

We = wy sie B aint + wg coayd
W, = wy sind cosy - wg sing

n £

Wy~ wy coaf + W,

. 3 . » . . 1
After takinz time derivationa, it follows that

Best Available Copy
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3 dw¢ : .dm,f ' dm,,? T

. 8ind -——- = siny —— -~ cosYy —— - w,;(w‘b cosfd - w¢)

At dt de

f dfoe d'a)f a'w.,;

—— = 08y —~ - sinyg T Wy by sind . (6)
de de at

dﬁ) . d&)l d

v r 1
- = =~ — loy cosf!
dt dt dt
Combining Eqs. (3) with Eqs. (6) gives
) ded, siny [ ‘ cosyh -
sin ;; = —I: Mf + (1.,‘. -1 w, m{] + 7'~ LM,: + (!;-—15) wy mf] - wylog C°59"""‘¢)
G n
dwg  cosy siny
‘;" = 7*“‘ “’5*-(1.,7-'1(;) W, m{] - - '.5!,]4-(1;-—[‘.-) @y wfl - wy Wy, sind
! £ Iy
l{(l.)g 1 d
—— T e U’-’{ + Uf - 7,?) 0 “’77] - [a;¢ cosd ]
de i, dt

1)

<)

The rotational motion can be complietely described by Eqgs. (4), {5) and (7).

3est Available Copy
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V. AERODYWAM!IC FORCES AND MOMENTS

Aerodynamic force and motaent rozfficients ere usually available in body cocrdinates:

therefore, it is necessary to find the components of the stream velocity vector in body coordinates

ug - (v, —w)
u,, = A - vy (8)
uc - (vz - wz)
S
ug = = (v, ~ w,) [cosy cos(é + ¥) - cosf sin(d + y) sing]
- v, {cosy sinle + y) + conf cos{é + y) siny] - v, - w,) sin{ sinf
Uy = (‘”x - wz)[simﬁ cosléb + ) + cosf sin(é + y) cont ] > .9
+o, {sing sin{g + y) ~ cosf cosle + y) cosyp ) ~ (v, ~w,) cosd sin €
6y = = {v, - w] sind sin{¢b + ¥} + v, 3in€ cosld + y) - (v, ~ w)) cost J
in body coordinates, the aerodynamic forces are then found from
u; 1 .
F,= ;p(r) [u%+u%+u€] d? Cila, B, 5, ¥,Re) i=&n, ¢ (10;
u.| 4
]
where

a = zugle of attack
B = roll angle

6 = fia deflection

Fiuations (2} require nerodynamic force components in space coordinates; thercfore Fe. F_, wad
) mn

¢ rmunt be transformed to space coordinates

Best Availabio Ceopy
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D F.

-1
L = A F,7 (11
S Fy,

Since the aerodynamic coefficients are functions of angle of attack and roll angle, it is necessary

to determine these angles.

D=F, {cosy cos(d + ¥) — cosf siq(¢ +y) siny] - F, )
(siny cos(é + y) + cosf sin(p + y) cosy] + F sinf sin(¢ + y)
L= Ff [cosy sinlé + ) + cosf cos{¢ + y) siny] - F,’ r (12)
[siny sin(¢ + y) - cosf cos(¢ + y) cosy] - F siaf cos(¢ + y)
S = F{ sinf siny + F,q 8inf cosy + Fy cost J
- u - u
cos a = ¢ cos 8B =———ﬂ—--—g— (13)
(u2+u2+u2)% /“2+ 2)
¢ { \n 7 4
The pitching moment is given by
- u’7 1 a
Mc=———;p(u§+uﬁ+u%)da CMc(a,ﬂ,S,M,Re) (14}
uT‘
the yawing moment by
sl v
. =:-~ép(u2, «2 4 u}) 8 Cy (a,B.5, K, Re) (15)
{

est Available Copy
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and the rolling moment by

Me - *.,2.”2) d? 1 Cyp (2, 8,8, Y. Re) (16)

[4
n »

V. SUMMARY

The trajectory Equations (1 and 2) simultaneously with the rotation Equutions (4, 5, and 7)
describe the dynamics of the coasting rocket. The aerodynamic forces are givzn by Eqs. (10) and
(12), whereas, the aerodynamic moments are obtained from Eqs. (14), (15), and (16). The forces
and moments are functions of angle of attack, roll angle, and fin deflection. Angle of attack and
roll angle are computed by Eq. (13); whereas, fin deflection is a programmed input. All aerodynemic

coefficients must be supplied as inputs.

- Lty

Poge 10




Jot Propulsion Laboratory

Progress Repor? No. 20-339

1(yi¢ ’¢) =
ANy, ¢, 8, ¥) =

C{:

NOMENCLATURE

transformation matrix from vyz axes &7 { axes.
transformation matrix from &n {axes to xyz axes.
aerodynamic coefficient of normal force in yaw plane.
aerodynamic coefficient of normal force in pitch plane.
aerodynamic coefficient of cord force.

aerodynamic coefficient of pitch about center of mass.
aerodynamic coefficient of yaw about certer of mass.

aerodynamic coefficient of roll about center of mass.

- rocket base diameter.

aerodynamic force compounent along x axis.
aerodynamic normal force in yaw plaae.
aerodynamic normal force in pitch plane.

aerodynamic eord forcr.

= sea-level acceleration of gravity.

pitch moment of inertia.
yaw moment of inertia.

roll momernt of inertia.

- distance between missile axis and fin center of pressure.

- aerodynamic force component along y axis.

mass of coasting rocket.

= Mach number,

pitch moment, see Eq. (14).

= yaw moment, see Eq. (15).

roll moment, see Eq. (i6).

sca-level radius of earth.

Page 11
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=
o
il

X,y,2=

X,Y, 2 =

Ap,v =

¢, N ¢ =

pr) =
év 6, 'J’ =

(t)£=

OJf:

w¢,m9'w¢,=

Fagzs 12

NOMENCLATURE (Cont'd)

Reynolds number.

carth-fixed secondary coordinate system (Fig. 1).
aerodynamic force component along z axis.

components of stream velocity in body coordinates.
center of mass velocity vector component along x axis.
center of mass velocity vector component along y axis.
center of mass velacity vector component along = axis,

downrange wind velocity.

- crossrange wind velocity.

local space coordinates associated with r, y, z (Fig, 1),
earth-fixed priiary coordinate system (Fig. 1).

angle of attack: angle between stream velncity vector and £ axis.
roll angle: angle between plane of angle of attack and 7 axis.

fin deflect:on.

local space coordinates associated with X, ¥, Z (Figs. 1 and 3).
body-fixed coordinate nystem (Fig. 2).

atmospheric density.

Fuler orientation angies (Fig. 3).

pitch rate.

yaw rute.

roll rate.

sce Eq. (4).
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